Some boundary value problems for a second-order elliptic partial differential equation in a polygonal domain are considered. The highest order terms in the equation are multiplied by a small parameter, leading to a singularly perturbed problem. The singular perturbation causes boundary layers and interior layers in the solution, and the corners of the polygon cause corner singularities in the solution. The paper considers pointwise bounds for derivatives of the solution that show the influence of these layers and corner singularities. Several recent results on this problem are surveyed, and some open problems are stated and discussed.
INTRODUCTION
It is a fundamental proposition of elliptic boundary value problems that the solution has as much regularity as possible, subject to the regularity of the data of the problem. Thus, if L is a secondorder elliptic operator on a domain fl with smooth boundary F, and if the coefficients of L are smooth, then the solution u of Lu = f in Yt with u = 0 on F satisfies
where the norm IluH,~ measures the size of the mth derivatives of u in a variety of ways (L p, HSlder). If the smoothness properties are not satisfied, inequality (1) fails and the way in which the inequality fails often gives important features of the solution. In this essay we discuss two types of failure of the conditions required for inequality (1) . Each of these types of failure gives rise to characteristic features of the solution that have been extensively studied. Our concern is with the situation when both of these types of failure are present in a problem, and how the resulting two features of the solution interact with one another. Our main interest is in pointwise bounds for the derivatives of the solution that are sharp enough to exhibit the principal features of the solution. Such derivative bounds reveal features of the solution, and are also useful in designing mesh refinements for the numerical solution of the problem. The essay is a review of recent and current work on this problem, and includes a number of open problems.
This work was partly supported by the U.S. National Science Foundation. The first type of failure we consider is lack of smoothness of the boundary F. We restrict consideration to two independent variables, and consider a second-order elliptic boundary value problem in a domain f~ for which F is a polygon. Thus, P is smooth everywhere except at a finite number of points, the vertices of the polygon F. These vertices give rise to corner singularities in the solution that are localized at the vertices. The theory of these corner singularities is developed for example in the books [1] [2] [3] [4] . According to this theory, the solution u has the representation
The sum is over the vertices P of F and a finite number of corner singular functions Cpj associated with each vertex P. The functions Cp,j contain power or logarithmic singularities at the vertices and the remainder u .... satisfies an inequality analogous to (1) Ilu .... IIm < CII/11~-2
The coefficients Apj(f) in (2) are linear functionals of f, but also depend on the polygon F and the coefficients of L. (There are certain exceptional cases for which (2) and (3) do not quite hold true.) As a consequence of (2),(3), one can derive sharp pointwise bounds for the derivatives of the solution u. These bounds show that the derivatives of u become infinite at the vertices at a rate that is determined by the derivatives of the singular functions. The derivative bounds are used to construct efficient mesh refinement strategies for the numerical solution of problems on polygonal domains. Corner singularities arise in many practical situations, in particular in the study of cracks in material bodies under stress. The theory has been developed for general elliptic systems of partial differential equations. It has also been extended to some nonelliptic boundary value problems represented by the equations of steady compressible viscous fluid flow [5, 6] .
The second type of failure we consider is a near-failure of the ellipticity of the boundary value problem under consideration. This occurs in a singular perturbation problem in which some or all of the highest order terms of the equation have coefficients of size O(E) where 0 < E << 1 is the singular perturbation parameter. If one sets ~ = 0 there is obtained a "reduced" differential equation and corresponding "reduced" boundary value problem. The reduced boundary value problem cannot include all the boundary conditions of the original problem because the equation has smaller order. As a result, in the case ~ ~ 0, the solution u has a rapid transition near part of the boundary. This rapid transition, called a boundary layer, was perhaps first observed by Prandtl in studying the Navier-Stokes equations with small viscosity and the related inviscid Euler equations. The theory of boundary layers has not been developed in the same generality as the theory of corner singularities; however, for a variety of problems, [7] gives a good exposition.
In this essay, we will review some of our recent work on a second-order singularly perturbed elliptic boundary value problem in a plane polygonal domain. We first treat a self-adjoint problem, and then several particular cases of the more complicated convection-diffusion problem. In all cases, the data of the problem is assumed to have continuous derivatives of arbitrarily high order.
To obtain results with a minimal amount of regularity of the data would probably involve different techniques.
A SELF-ADJOINT PROBLEM
Consider the boundary value problem
where q > 0 and E E (0, 1] are constant. This simple boundary value problem is the prototype of the more complicated elliptic systems that occur in the theory of elastic plates; in that case, the singular perturbation parameter ~ is the thickness of the plate.
In expansion (2) applied to problem (4), the leading singular function ¢.,1 associated with the vertex v has the form r~ ~ sin av(0. -0°), where (r., 0~) are local polar coordinates centered at the vertex v. The exponent a. is given by ~ = 7r/wv where w. is the interior angle of the vertex v.
These facts, representation (2), and inequality (3) give rise to the pointwise derivative estimates IDmu(x, y)l <_ C(e) max r~ ~-m. (5) In cases when z is of moderate size, bounds of form (5) are the basis for mesh refinement strateses that have been developed for problems with vertices [8] . However, the constant C(e) becomes large as e --+ 0, so the bounds (5) are not useful when s << 1.
If one formally set E = 0 in (4) there is obtained the "reduced equation"
Equation (6) in the solution; it is negligible everywhere except in a thin strip near the boundary F. In the case that F is smooth, these techniques can be carried out and give rise to pointwise derivative bounds for the solution u of (4). One obtains iD%(x,y)l _< C [6-m/ e + 1].
Letting D, and D~ denote, respectively, the tangential and normal directional derivatives, one obtains the more precise pointwise derivative estimates near F
ID'~D2u(x,y)l < C [e-n~% -al: + 1]. (8/
Bounds of form (8) are the motivation for the highly anisotropic elements that are used neaa" the boundary in the numerical solution of problem (4) [9] . The paper [10] carries out these ideas for the elliptic system representing an elastic plate. Our concern is now with problem (4) in the case that 6 << 1 and F is a polygon. From the above discussion one would expect the solution to have both corner singularities, as represented by inequality (5) , and a boundary layer, as represented by inequalities (7) or (8) . A further analysis shows that this is the case, but that the effect of the corner singularities becomes localized for small 6. In effect, the coefficient C(e) in (5) is replaced by C6-(~-'n)e .... /'/¢.
In the case that f~ --(0, 1) x (0, 1) is the unit square, this further analysis has been done in [11] . The case of a general polygon is considered in [12] . In these papers, q may be a function 
ID~u( x, Y)I <-c + C~-m/2e -'~'(z'~)/'z
Also, if Oa and 0~ denote the tangential and normal directional derivatives to one of the sides of ~, then
In (9) and (10), the terms containing the factor e -pd.(z,y)/~ represent the boundary layers along the sides of Ft. Inequality (10) shows that derivatives in directions normal to the boundary become large. This suggests the use of highly stretched (Shishkin) meshes for the numerical solution of the problem. The terms with factor e -pdÈ(z'y)/v~ represent the effect of the corner singularity at the vertex. It is seen that the effect of these corner singularities is increasingly localized as ~ becomes small. These facts should be of use in designing efficient mesh refinement strategies for the numerical solution of problem (4) in a polygon, and for similar problems.
A CONVECTION-DIFFUSION PROBLEM
where p > 0, q > 0, and ~ E (0,1] are constant. This simple boundary value problem is the prototype of more complicated problems that occur in fluid flow, heat transfer, and mass transfer. In those cases, the singular perturbation parameter E is, respectively, the viscosity, the thermal conductivity of the fluid, or the diffusivity of the solute, and [iv, 0] represents the velocity of the fluid. The leading singular function ¢v,1 has the same form as in the self-adjoint case. If one formally set s = 0 in (11) 
It may be shown that lime~o u(x, y) = Vo(X, y) if (x, y) ¢~ F \ Fin. Note that v0 does not require boundary conditions on F \ Fin. Therefore one anticipates a boundary layer in the solution u of (11) along F \ Fin. The function v0 also appears as the first term in a formal expansion of the solution in powers of ~. Setting V = ~-~0 eJvj, inserting V into the differential equation, and matching like powers of ~ one obtains a formal prescription for the functions vj. This formal prescription does not involve all of the boundary condition in (11) , so V is not an adequate representation of the solution. To obtain an adequate representation one introduces functions of the form #e -d/~ where d(x, y) is a (regularized) distance from (x, y) to F. The function #e -d/~ represents the boundary layer in the solution; it is negligible everywhere except in a thin strip near the boundary F. There are further complications at points where [p, 0] becomes tangent to the boundary F. An analysis of the solution to (11) using these ideas is given in [7] . This work includes domains with both smooth and piecewise smooth boundary. However this work does not include information on the derivatives of the solution. It is the derivative behavior that shows the effect of the singular perturbation parameter on the corner singularities.
It is convenient to consider our boundary value problem in a sector, which is an (unbounded) polygon with exactly one vertex. Let wl, w2 be numbers with ~1 < w2 < Wl+27r. Let w = w2-Wl. Let S be the sector with vertex the origin and angle ~ defined by S = {(rcosO, rsinO) : ~;1 < 0 < w2, r > 0}. Let Sa be the truncated sector of radius a. We are concerned with the problem 
We also let F~, l = 1, 2, denote the two sides of F. Let a --~r/w. The behavior of the solution of (13) for small E depends on the relative position of the sector S and the convective vector [p, 0]. There are several cases. If -l r < Wl < 0 < w2 < lr one has Fi, = F. We call such a sector incoming, because the vector [p, 0] points into the sector along the boundary F. If 0 < wl < ~r < w2 < 27r, one has Fin = ~. We call such a sector outgoing, because the vector [p, 0] points out of the sector along F. Limiting cases of the incoming or outgoing sectors occur when Wl or ~2 is an integer multiple of 7r; in these cases the vector [p, 0] is tangent to one of the side Fe. Finally, there are cases when Fi, = F1 or Fin = F2. These sectors, although of interest, will not be considered here.
In the following sections we discuss the convection-diffusion first in an outgoing sector and then in a square. The analysis of (13) for an incoming sector is under investigation.
T H E P R O B L E M IN A N O U T G O I N G S E C T O R
Reference [13] considers problem (13) in a convex outgoing sector S. (The restriction to a convex sector is probably not necessary.) In this case, the reduced differential equation (12a) 
In problem (14) , L u l is small but the boundary values are not small. This indicates the presence of boundary layers along F1 and F2. To handle these boundary layers one introduces the distance functions e~(x, y) of a point (x, y) from F~, and changes independent variables from (x, y) to (el, e2). Two formal power series expansions are constructed: a series S o EJwl, j(el/~, e2) and a series ~o E J w 2 , j ( e l , e2/8). These series represent the boundary layers along F1 and F2, respectively. The functions wt,j satisfy certain second-order ordinary differential equations. When 
IDd~
In the case c~ = n the inequalities are modified by replacing (r/e) '~-n by I ln(r/s)l.
In (15) and (16) the quantity (r/e)"-~e -~/~ represents the corner singularity in the solution.
The exponentially decaying factor causes this singularity to have a very localized effect if s < 1; an efficient mesh refinement strategy would take account of this. In (16) the terms s-ke -~ede, = 1, 2, show that derivatives in directions normal to the boundary lines are large. These inequalities suggest the use of a highly stretched mesh, a "Shishkin mesh", for the solution of this problem. We have not stated the regularity assumptions on f that are used in the proof of Theorem 1. In fact these regularity assumptions are very severe, because the use of asymptotic expansions are very demanding of regularity. It would be interesting to obtain this theorem with weak regularity requirements for f.
THE PROBLEM IN A SQUARE
Reference [14] considers problem (11) in the case that fl --(0, 1) x (0, 1) is the unit square. It is convenient to denote the four sides of the square by Fe, Fw, Fs, Fn. Thus, Fin ---Fw. The reduced boundary value problem (12a),(12b) has the boundary condition v0 = 0 on Fw. Thus it may happen that v0 does not vanish on re, I's, or Fn, and this leads one to anticipate boundary layer behavior for the solution u of (11) on these three sides. However, the convective vector [p, 0] points out of I'e, and is parallel to Fs and Fn. This fact gives a different character to the boundary layers on Fe as contrasted with the boundary layers on Fs and Fn.
The four angles of the polygon f~ are ~ot --zr/2. So at = 2 for t = 1, 2, 3, 4. The theory of corner singularities has a special character for an angle of r/2. In this case, the linear functionals A,,j that appear in (2) indicate the amount of compatibility at the vertex v between the 0 boundary values along the two sides that meet at v and the differential equation. Thus, since u(x, O) = O, one would have u~(0, 0) = Uxx (0, O) = 0 if u were twice continuously differentiable at (0, 0), and similarly, one would have u~(0,0) = 0 if u were twice continuously differentiable at (0,0). If it happens that f(0, 0) = 0, then the lowest order linear functional corresponding to the vertex (0, 0) vanishes, and the corresponding singular function does not enter into expansion (2) . Vanishing conditions for the higher order linear functionals are obtained by differentiating both sides of (11) and evaluating at the origin.
To analyse problem (11) in a square, the solution is decomposed into a number of terms u = U+ W+ zoo + zol +ZlO +zm +u 2.
To define the function U, let f* be a smooth extension of f from Q to the half plane x > 0.
Then U is defined to be the solution to the incoming half-plane problem LU = f*, for x > 0, U(0, y) = 0, for -oo < y < oo.
Having defined U, we define W to be the solution to the outgoing half-plane problem w(1, y) = -u(1, y) , for -oo < y < oo.
Next we define incoming corner functions zoo and z01 as solutions to the following quarter-plane problems: y<l, F i n a l l y , u 1 is defined to be the remainder: u I = u -U -W -zoo -z01 --Zl0 --Zll-Derivative bounds for U and W are found using the maximum principle. Special techniques are used to obtain derivative bounds for the four corner problems. These techniques involve some reflections to obtain a corresponding half-plane problem with discontinuous data, and a close analysis of the half-plane problems. The remainder u 1 satisfies a problem with d a t a t h a t are both compatible and exponentially small, and this fact gives derivative bounds for u 1.
To state the final result, we must introduce some notation. We set r~ = V/(X -A) ~ + (y -#)2 for A, # -= 0, 1. Thus, r~ t, denotes the distance from (x, y) to the vertex (A, #) of f~. Each term T~ below describes the behaviour induced in the solution by the vertex at (A, #); the terms T0~ also include the effect of the "parabolic" b o u n d a r y layers along y --It. The term TE describes the effect of the "outflow" layer at x --1. Finally, we let fi denote the smallest even integer that satisfies fi > n. Fs ZIO We now discuss the various terms that enter into the bound (17). The quantity TE represents the boundary layer in the solution along the side F~. One sees that the magnitude of the y-derivatives are not affected by this boundary layer, but the x-derivatives become large near x = 1. The bounds for Too and T0i are given in four separate statements. The first three statements, which are for r0~ < 6, give the effect of the corner singularity at the vertex (0, #). The fourth statement deals with the case r0~ >__ 6. The formula for Too shows a boundary layer along the side F~. One sees that away from the vertex (0, 0), the magnitude of the x-derivatives is not affected by this boundary layer, but the y-derivatives become large near y = 0. Similar remarks pertain to the quantity T0i.
The bounds for T10 and Tll are also given in four separate statements. Again, the first three statements, which are for ri~ < e, give the effect of the corner singularity at the vertex (1,it). The fourth statement deals with the case ri, > 6. The formula for T10 shows the start of a boundary layer along F~ near x = 1; however, the term includes rapidly decaying factors which strongly localize the effect of the term. Similar remarks pertain to the quantity Tll. We have recently given similar derivative bounds [15] for a problem posed in the right half-plane, with nonhorizontal convection, and with a discontinuity in the boundary data. Here, there is an interior layer on the slanted subcharacteristic line.
The inequalities in Theorem 2 should be of use in designing efficient mesh refinement strategies for the numerical solution of problem (11) in a square, and for similar problems.
SOME OPEN PROBLEMS
There are many open questions that occur while studying corner singularities and boundary layers. Here are a few of them. PROBLEM 1. Incoming sector. Analyze problem (13) in the case of an incoming sector. The problem is to obtain e-independent a priori bounds on the solution. Thus, we conjecture the inequMity II~[IHm ---C[lYllnm with constant C that is independent of 6. We also conjecture analogous inequalities in the norms H m,p and C m,~. For simplicity, suppose that the coefficients U, V, q, E are constant. PROBLEM 6. Connections with triple deck expansions. In studying corner singularities and boundary layers for the Navier-Stokes system, will it be found necessary to use the triple deck expansions of Stewartson et al. [16] ? Might such a study give a rigorous mathematical justification for these triple deck expansions?
